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Abstract
An uniformly accelerated observer can build his proper system of coordinates in a delimited
sector of the flat Minkowski spacetime. The properties of the position and time coordinate lines
for such an observer are studied and compared with the coordinate lines for an inertial observer in
a Penrose diagram for this spacetime.
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I. INTRODUCTION
It is sometimes useful to dispose of a graphical representation of the totality of the
spacetime, for instance to study asymptotic forms of various fields (metric, curvature tensor,
electromagnetic field, etc.). A very elegant mathematical technique to study the asymptotic
properties of spacetimes has been developed by Roger Penrose in 1964 and later used by
Brandon Carter [1, 2]. The idea is to perform what is called a conformal transformation of
spacetime to bring infinities at finite distances while preserving its causal structure (light
cones are unaltered). Asymptotic calculations are then converted into calculations at finite
points with a set of new coordinates, the conformal coordinates, which attribute finite values
to infinities. The diagram of the spacetime after transformation is called a Penrose diagram
or, less frequently, a Penrose-Carter diagram.
A better understanding of the structure of a spacetime can be obtained by the knowledge
of its coordinate lines with a clear physical meaning. For the flat Minkowski spacetime, a
natural choice is to take lines with constant time or position. These coordinate lines are
straight lines cutting each other at right angle in an ordinary diagram while, in a Penrose
diagram, the equations of these lines are complicated functions of the conformal coordinates.
These are studied in section II.
The motion of an observer with a constant proper acceleration can be treated analytically.
It is a classical exercise of special relativity that can be found in many textbooks [3, 4,
5, 6]. In this framework, the very prominent notion of event horizon can be introduced
in a simple context. An uniformly accelerated observer can build his proper system of
coordinates in a delimited, but infinite, sector of the flat Minkowski spacetime [7, 8, 9,
10]. The corresponding time and position coordinate lines are respectively hyperbolas and
straight lines in an ordinary diagram. A detailed study of the equations of these lines with
conformal coordinates is performed in section III.
A brief summary of our results about these mappings of the flat Minkowski spacetime for
both an inertial observer and an uniformly accelerated observer is given in section IV. Let
us note that all results are obtained for 1 + 1 Minkowski spacetime.
2
II. THE MINKOWSKI SPACETIME
A. Change of coordinates
The change of coordinates to bring back infinities at finite distances is
ct+ x = L tan(ψ + ξ),
ct− x = L tan(ψ − ξ), (1)
with −pi/2 < ψ ± ξ < pi/2. L is an arbitrary length, and ψ and ξ are dimensionless
quantities, the conformal coordinates. It is useful to define new dimensionless spacetime
variables: T = ct/L and X = x/L which will be used throughout the text. Equations (1)
are then reduced to
T +X = tan(ψ + ξ),
T −X = tan(ψ − ξ). (2)
With these conformal coordinates, the totality of the spacetime is represented by a square
(see figure 1), sometimes called the Minkowski diamond. As we will see below, coordinate
lines with constant position and time converge at the apexes of the square. These points
are the conformal infinities for space and time.
The equation of motion of a photon passing by the position X∗ at time T∗ is X ± T =
X∗ ± T∗. In the conformal coordinates, it is written
ξ ± ψ = arctan(X∗ ± T∗). (3)
So, as in an ordinary diagram, the world line of a photon in the Penrose diagram is still a
line slanted at an angle of 45◦, but with respect to the ξ and ψ coordinates. The causal
structure in the Penrose diagram is given by light cones for variables ξ and ψ, as it is given
by light cones for variables X and T in an ordinary diagram. The diagonal boundaries of
the Penrose diagram are the infinities where world line of light rays must end.
With the new coordinates, the metric ds2 = c2dt2 − dx2 is written
ds2 = L2(dT 2 − dX2) = L2 dψ
2 − dξ2
cos2(ψ + ξ) cos2(ψ − ξ) . (4)
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B. Coordinate lines
Following equations (2), a time coordinate line with the constant position X∗ is given by
2X∗ = tan(ψ + ξ)− tan(ψ − ξ). (5)
Using the properties of the tangent function, this relation can be recast into the form
ξ(ψ,X∗) = arctan
[
−(1 + tan2 ψ) +
√







with ψ ∈ ] − pi/2, pi/2[ and X∗ ∈ ] − ∞,∞[ (see figure 1). This function is even for the
variable ψ and odd for the variable X∗. It is vanishing at the conformal time infinities,
ξ(±pi/2, X∗) = 0, and ξ(0, X∗) = arctanX∗.
FIG. 1: Coordinate lines for the Minkowski spacetime in the Penrose diagram. From left to right,
lines for constant positions X∗ = −3,−2,−1, 0, 1, 2, 3 are indicated. From bottom to top, lines
for constant times T∗ = −3,−2,−1, 0, 1, 2, 3 are indicated. The X∗ = 0 (T∗ = 0) line is the ξ=0
(ψ = 0) line.





(1− cos(4ψ)) . (7)
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It has three zeros for all values of X∗: ∂ψξ(±pi/2, X∗) = ∂ψξ(0, X∗) = 0. The slopes at
extremities of these coordinate lines are then vanishing.
For infinite values of X∗, we obtain
lim
X∗→±∞
ξ(ψ,X∗) = ± arctan (| cotψ|) , (8)
that is to say, ξ = ±(ψ+ pi/2) for ψ ∈ [−pi/2, 0] and ξ = ±(pi/2−ψ) for ψ ∈ [0, pi/2]. These






0 for ψ = −pi/2, 0, pi/2
±1 for ψ ∈ ]− pi/2, 0[
∓1 for ψ ∈ ]0, pi/2[
, (9)
in agreement with the results given just above.
A space coordinate line with the constant time T∗ is given by
2T∗ = tan(ψ + ξ) + tan(ψ − ξ). (10)
The transformations T∗ ↔ X∗ and ψ ↔ ξ change this equation into equation (5). So there is
a complete symmetry between time and space coordinate lines, as expected. Their properties
are the same and the discussion above can be completely adapted to the space coordinate
lines.
III. THE UNIFORMLY ACCELERATED OBSERVER
A. Hyperbolic motion
Let us consider an uniformly accelerated observer with a constant proper acceleration
with magnitude A > 0. Its motion is such that it reaches the point x = 0 in the inertial
frame at time t = 0 with a vanishing speed. The world line of the observer is given by











which is the equation of a branch of hyperbola in spacetime. So this motion is also called
hyperbolic.
If we choose L = c2/A, this equation can be recast into the form
(X + 1)2 − T 2 = 1. (12)
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The asymptotes of this curve are the two straight lines with equations T = ±(X + 1).
Consequently, the asymptotes of the world line of the accelerated observer defines two event
horizons [3, 4, 5, 6, 7, 8, 9, 10]. In the conformal coordinates, equations of these horizons
are
ψ = ±(ξ + pi/4). (13)
These two horizons cross at event H with spacetime coordinates (ξH, ψH) = (0,−pi/4) cor-
responding to (X, T ) = (−1, 0). The past (future) horizon intercepts the positive past
(future) light infinity at event S (E) with spacetime coordinates (ξS, ψS) = (pi/8,−3pi/8)
((ξE, ψE) = (pi/8, 3pi/8)). They cut the whole spacetime in four regions, called Rindler
sectors (see figure 2). The sector I is the portion of the spacetime in which the uniformly
accelerated observer lives: he can send information to any event and he can receive infor-
mation from any event in this sector. In sector II, located “above” the future horizon, the
observer can send information to any event but cannot receive information from this sector.
The situation is exactly the opposite in the sector IV, located “below” the past horizon.
The sector III is causally completely disconnected from the observer.
FIG. 2: World line of the uniformly accelerated observer in the Penrose diagram for the Minkowski
spacetime. Past and future event horizons are indicated with the four Rindler sectors.
6
Written in the conformal coordinates, equation (12) becomes
− tan(ψ + ξ) tan(ψ − ξ) + tan(ψ + ξ)− tan(ψ − ξ) = 0. (14)
This relation can be recast into the form
ξ = arctan
[
−(1 + tan2 ψ) +
√
(1 + tan2 ψ)2 + tan2 ψ
]
. (15)
One can check that this world line starts at the event S and ends at the event E, both on
positive lightlike infinity, as expected since the speed of this observer is equal to the speed
of light in the infinite past and future.
The uniformly accelerated observer can build his proper system of dimensionless coordi-
nates, spacelike X0 and timelike T0, valid only in sector I [7, 8, 9, 10]. With relations (7)
of [10], for instance, it is possible to determine the equations of the coordinate lines of
this observer proper frame in the inertial frame. In this last frame, the equation of a time
coordinate line with X0 constant is
(X + 1)2 − T 2 = (X0 + 1)2 . (16)
This curve is a branch of hyperbola whose asymptotes are the two event horizons mentioned
above. These horizons are located on the degenerate asymptotes obtained with X0 = −1 in
equation (16). Obviously, the world line of the uniformly accelerated observer in his proper
frame is given by X0 = 0. Let us note that an object with a constant position X0 is not
at rest with the uniformly accelerated observer. This object is characterized by a proper





The equation of a position coordinate line with T0 constant is
T = (X + 1) tanhT0. (18)
This is a straight line containing the event (X, T ) = (−1, 0), that is to say the event H , the
intersection of the two event horizons. Some coordinate lines are drawn in figure 3. It can
be seen that the future horizon and the past horizon correspond respectively to the position
coordinate lines T0 = +∞ and T0 = −∞. Both horizons form also the space coordinate line
X0 = −1.
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FIG. 3: Coordinate lines, associated with an uniformly accelerated observer, for constant times T0
(straight lines) and for constant positions X0 (hyperbolas), in an inertial frame. The world line of
the observer is the coordinate line X0 = 0.
Now, we will express the coordinate lines (16) and (18) with the conformal coordinates in











2 + 1. (19)
B. Position coordinate lines
With the conformal coordinates, equation (18) is given by
tan(ψ + ξ) + tan(ψ − ξ) = tanhT0 [tan(ψ + ξ)− tan(ψ − ξ) + 2] . (20)
After some calculations, the position coordinate line equation, with T0 constant, for the
uniformly accelerated observer (uao) can be written
ψuao(ξ, T0) = arctan

1 + tan2 ξ −
√
(1 + tan2 ξ)2 − 4 tanh2 T0 tan ξ(1− tan2 ξ)




with ξ ∈ ] − pi/4, pi/2[ and T0 ∈ ] − ∞,∞[ (see figure 4). This function is vanishing at
the two spacelike extremities of sector I, ψuao(−pi/4, T0) = ψuao(pi/2, T0) = 0. It is odd
for the variable T0 and, obviously, we have ψuao(ξ, 0) = 0. The position coordinate line
with T0 = 0 cuts sector I in two equal parts. We can expect that ψuao is even for the
variable ξ with respect to pi/8, the middle of the interval ] − pi/4, pi/2[. If we define the
new variable y = ξ − pi/8, it can be checked, after a tedious calculation, that ψuao(y, T0) =








that limT0→±∞ ψuao(pi/8, T0) = ±3pi/8; the two timelike infinities of sector I are reached.
The derivative of function (21) with respect to ξ is given by
∂ξψuao(ξ, T0) =
cos2 ξ tanhT0 (1− tan ξ(2 + tan ξ))√
1− sin(4ξ) tanh2 T0
. (22)
Due to the symmetry properties of the position coordinate lines, we have ∂ξψuao(pi/8, T0) = 0.
But, at the two spacelike extremities of sector I, the derivatives are not vanishing and varies
between −1 and 1: ∂ξψuao(−pi/4, T0) = tanhT0 and ∂ξψuao(pi/2, T0) = − tanhT0. When
T0 → ±∞, the position coordinate lines form the edges of sector I.
C. Time coordinate lines
With the conformal coordinates, equation (16) is given by
− tan(ψ + ξ) tan(ψ − ξ) + tan(ψ + ξ)− tan(ψ − ξ) = Y0, (23)
with Y0 = X0(X0 + 2). After some calculations, the time coordinate line equation, with X0
constant, can be written
ξuao(ψ,X0) = arctan
[
−(1 + tan2 ψ) +
√
(1 + tan2 ψ)2 + (1 + Y0 tan
2 ψ)(Y0 + tan
2 ψ)





with ψ ∈ ] − 3pi/8, 3pi/8[ and X0 ∈ ] − 1,∞[ (see figure 4). This function is even for
the variable ψ. Since ξuao(0, X0) = arctanX0, we have limX0→−1 ξuao(0, X0) = −pi/4 and
limX0→∞ ξuao(0, X0) = pi/2; the two spacelike infinities of sector I are reached. Because
ξuao(±3pi/8, X0) = pi/8, the coordinate lines (24) connect the two events S and E, the
timelike infinities of sector I.
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FIG. 4: Coordinate lines associated with the uniformly accelerated observer, for constant times T0
and for constant positions X0, in the Penrose diagram for the Minkowski spacetime. From bottom
to top, constant time lines for T0 = −1,−0.5, 0, 0.5, 1 are indicated. From left to right, constant
position lines for X0 = tan
spi
8
with s = −1, 0, 1, 2, 3 are indicated. The T0 = 0 line is the ψ = 0
line. The world line of this observer is the coordinate line X0 = 0.
The derivative of function (24) with respect to ξ is given by
∂ψξuao(ψ,X0) =
(1− Y0) tanψ√
sec4 ψ + (1 + Y0 tan
2 ψ)(Y0 + tan
2 ψ)
. (25)
As expected from the symmetry properties of the position coordinate lines, we have
∂ψξuao(0, T0) = 0. But, at the two timelike extremities of sector I, the derivatives are
not vanishing and varies between −1 and 1:
∂ψξuao(±3pi/8, X0) = ±p(X0) with p(X0) = 1−X0(X0 + 2)
3 +X0(X0 + 2)
. (26)
We have limX0→−1 p(X0) = 1 and limX0→∞ p(X0) = −1. When the position X0 reaches its
extremal values, the time coordinate lines form also the edges of sector I.
We can also remark that p(tan pi
8




We can wonder if ξuao is odd for the variable X0 with respect to tan
pi
8
. If we define the
new variable u with X0 = tan(
pi
8
− u) and the new function w by ξuao = pi/8− w, it can be
checked, after a tedious calculation, that w(u) is an odd function of u. The time coordinate
line with X0 = tan
pi
8
cuts sector I in two equal parts.
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D. Link between coordinate lines
By looking at figure 4, it seems that the position and time line coordinates are very similar.
So we can study the differences between the functions ξuao(a,X0)−pi/8 and ψuao (a + pi/8, T0)
with a ∈ ]−3pi/8, 3pi/8[. Suitable translations are made in order that both functions coincide
at their extremities: a = ±3pi/8. To perform a comparison, a link must be found between
variables X0 and T0. Knowing the domain of each of these quantities, we can try









We have then T0(X0 = −1) = −∞, T0(X0 = tan pi8 ) = 0 and T0(X0 =∞) =∞.
Let us define the two new functions
fT (a, b) = ξuao(a, b)− pi
8
, (28)








with a ∈ ] − 3pi/8, 3pi/8[ and b ∈ ] − 1,∞[. Thanks to equation (27), these functions are
built in such a way that fT (a, b)−fX(a, b) is vanishing for all values of a when b = −1, tan pi8
and ∞, that is to say when the corresponding coordinate lines form the borders of sector I
and when they cut symmetrically this sector. As fT (±3pi/8, b) = fX(±3pi/8, b) = 0 and as
these functions are even in a, we define the maximal relative gap ∆ between fT and fX by
the formula
∆(b) = 2
fT (0, b)− fX(0, b)
fT (0, b) + fX(0, b)
. (30)
We can see on figure 5 that the gap is always small. We could expect that ∆(tan pi
8
) 6= 0,
but this not the case because fT (0, tan
pi
8
) = fX(0, tan
pi
8
) = 0. We can also remark that
∆(0) = ∆(1) = 0. Actually, it is possible to show, after some lengthy calculations, that
fT (a, b) = fX(a, b) when b = 0 and 1, for all values of a. Finally, we have ξuao(a,X0)−pi/8 =
ψuao(a + pi/8, T0) for (X0, T0) = (−1,−∞), (0,− arg tanh 13), (tan pi8 , 0), (1, arg tanh 13) and
(∞,∞).
IV. SUMMARY
The Penrose diagram of the flat Minkowski spacetime for an inertial observer looks like
a diamond, in which coordinate lines connect opposite apexes which are the spacelike and
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FIG. 5: Maximal relative gap ∆ (see formula (30)) as a function of X0.
timelike infinities. Borders of this diamond are the lightlike infinities where world lines of
light rays end. The “mini-spacetime” of an uniformly accelerated observer is a small diamond
included in the first one with one common spacelike infinity. At first sight, the coordinate
lines for such an observer seems similar to those for the whole spacetime (compare figure 1
with figure 4) but there are big differences:
• The time coordinate lines for the uniformly accelerated observer end on the lightlike
infinities of the whole spacetime, while position coordinate lines end on one extremity
at a spacelike infinity and on the other extremity, due to the horizons, at a finite
position.
• Considered as functions of ξ or ψ, the slope at extremities of the coordinate lines for
the uniformly accelerated observer varies from −1 to 1, while the slope at extremities
is vanishing for the coordinate lines of the inertial observer.
• There is not a perfect symmetry between time and position coordinate lines for the
uniformly accelerated observer as it is the case for the coordinate lines of the inertial
observer.
All these differences could be expected from the examination of figure 3. But, in this paper,
the equations and properties of the coordinate lines for both an inertial observer and an
uniformly accelerated observer are given for the flat Minkowski spacetime in a Penrose dia-
gram. This can help to understand the beautiful properties of the conformal transformation
associated with this kind of diagram.
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